ON THE ENTROPY OF UNIQUELY ERGODIC
TRANSFORMATIONS

BY
FRANK HAHN(*) AND YITZHAK KATZNELSON(?)

0. Introduction. Ergodic theory involves itself with the study of transformations
of a measure space. Topological dynamics is involved with homeomorphisms of
a topological space. The entropy of a measure preserving transformation is a
gauge of its randomness. There are certain qualitative properties in topological
dynamics which seem to play a similar role. For example, equicontinuity, distality,
and minimality restrict the “randomness” of a transformation group. The question
arises: If a measure preserving transformation is also a homeomorphism is there a
strict relation between these notions ? For instance it is known that equicontinuity
and distality imply zero entropy. It was not known whether minimality implied
zero entropy. W. Parry raised the following question: Let X be a compact metric
space and T a continuous map of X into itself. Suppose there is a unique 7 invariant
probability measure and suppose (X, T) is minimal (every orbit is dense). Can
(X, T) have positive entropy ?

The difficulty in answering such a question is the scarcity of a wide class of
minimal, uniquely ergodic transformation groups (X, T'). We give here a method of
constructing minimal uniquely ergodic transformation groups (X, T'). Furthermore
our method is designed to show that there exist transformation groups (X, T), X a
compact metric space, which are minimal and uniquely ergodic but have arbitrarily
large finite entropy. Thus minimality and unique ergodicity do not bound the
entropy of (X, T) and the answer to Parry’s question is no.

We carry out our program by constructing closed shift invariant subspaces of
a sequence space. In §1 we establish some notation and terminology. In §§2 and 3
we either modify or translate some known theorems into combinatorial terms
which are to be used in the succeeding sections. In §4 we define the sequences which
will be used to build the uniquely ergodic minimal pairs (X, T) of large but finite
entropy. §§5, 6, 7, 8 are used to carry out the detailed examination of the properties
of our sequence. §9 indicates the modification necessary in §4 to show that the same
construction can be done on bisequernces and thus 7'may also be a homeomorphism.
The results are summarized in Corollaries 8.14 and 9.7.

The principal idea which makes our result possible is the weak law of large
numbers. Lemmas 1.1 and 1.2 are merely forms of this law. The remainder is
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application of these lemmas and technical computation. Since this phase is long,
we have used an extensive numbering system with many parenthetic references
where objects or notations are defined.

1. Preliminaries. Before we proceed we establish some of our terminology and
two elementary lemmas which are the motivating ideas for the sequences con-
constructed in §4.

Let p=1 be an integer and let ao, ay, . . ., a,_; be p distinguishable objects. The
set S={ag, ay, ..., a,_,} will be referred to as the symbol set on the p symbols
ay, a1, . - ., A5 -1. By @ word of length n=1 built on the symbol set S we mean an
n-tuple B=(b,, b, ..., b,-;) where b, € S, i=0,1,2,..., p—1. We designate the
length of B by L(B). For the remainder of this section we will assume that all words
are built on the symbol set S, and we often use the phrase “word” instead of
“word built on the symbol set S.”

If B=(by, ..., bn-1) and C=(cy, ..., C,-1), n=m, are two words, then we say
that B occurs in C at the ith position if b,=¢;,,, j=0,1,2,...,m—1,and i is a
fixed integer such that 0 <i=<n—m. The phrase ““ C contains B at the ith position”
is to be equivalent to ““B occurs in C at the ith position.” If there is at least one i
for which B occurs in C at the ith position, then we say that B occurs in C, or
equivalently, C contains B.

LeMMA 1.1. Let B be a fixed word on p symbols. The number of words C of length
k-L(B) which contain B is asymptotic to p*'*® as k — +c0.

Proof. Let L(B)=m. Let E(k) be the number of words of length km which contain
B. Let E’(k) be the number of words of length km which contain B in at least one
position i=jm where 0<j<k. Since the total number of words of length km is
p*™, we have

p*™ = E(k) z E'(k).

In order to prove our lemma it suffices to show that E’'(k) =< p*™ as k — +co.

We compute E’(k). Let C be a word of length km on the symbol set S. We let
S’ be the set whose elements are all words of length m on the symbol set S. There
are p™ such words. C may be considered as a word of length k on the symbol set
S’. E’(k) is then the number of words of length k£ on the symbol set S’ which
contain the symbol B. The total number of words of length k on the symbol set
S’ is p™. The number of words of length k on the symbol set S’ which fail to
contain the symbol B is (p™—1)*. Thus

E'(0) = p—(p" =1 = pr(1 (1= 1/p"").

We see immediately that E’(k)~p™ as k — +oo0 and our lemma is complete.

Let B be a word on the symbol set S. By N(a,, B) we mean the number of times
that the symbol a; occurs in B and this is defined to be the cardinality of the set
{i: a; occurs in B at the ith position}. By o(a;, B) we mean the frequency with which
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a; occurs in B and this is defined to be (1/L(B))- N(a;, B). We observe that
0<N(a,, B)SL(B) and 0= «(a;, B)<1 for 0<j<p.

LEMMA 1.2. Let ¢>0. The number of words C of length k having the property
|(a;, C)—1/p| <& for 0= j<p is asymptotic to p*.

Proof. This is a direct consequence of the weak law of large numbers, and we
refer the reader to [5] or some other treatise on probability.

We now wish to define the space of sequences and the space of bisequences on
the symbol set S. We let Z be the set of integers, Z* the set of nonnegative integers,
and when we wish to make a statement which applies to both Z and Z+ we will
speak of Z’. The space of all bisequences on the symbol set .S will be denoted by
Q(S)=]1zS. The space of all sequences in the symbol set S will be denoted by
Q*(S)=T1z+S. Again, when we wish to make a statement which applies to either
space we will speak of Q'(S)=[]z S. The elements of Q'(S) are functions
w: Z'— S and their value at k € Z’ will be denoted by w,.

We let Q'(S) have the following topology: consider S as having the discrete
topology and let Q'(S) have the product topology. Since S is finite and thus com-
pact, we see that Q'(S) is compact. Since Z’ is countable, it follows that Q'(S) is
metrizable. We will not be interested in a particular metric on Q’'(S), but we will
make use of the neighborhood systems which we now describe. If J=Z’ is any
finite set J={jo<j1 < - - <ji-1} and if w e Q'(S) let x(w,J) =(w;y, wj,, . . ., w5, _ ).
Thus x(w, J) is a word of length k =cardinality of J on the symbol set S. If Bis a
word of length k and J={ji, <j, < - - - <ji,—1} =Z’, then by a cylinder set determined
by B and based on J we mean

(1.3) C(B,J) = {w: w e Q(S) and x(w,J) = B}.

If we let B’ be the Borel field on Q'(S) generated by the compact sets, then B’
is generated by all sets of the form (1.3).
If w° € Q'(S) and J is described as before, we let

(1.4) U J) = {w: we Q'(S) and x(w,J) = x(«°, J)}.

Each such set is a compact open neighborhood of «°. As J ranges over the finite
subsets of Z’ these sets form a fundamental system of neighborhoods of «°.
There is an even smaller fundamental system of neighborhoods which we shall use.
For each nonnegative integer n let

Imy={j:jeZ -n<jsn, I*(m)={j:jeZ*,0<j<nh.
Again we use I'(n) for statements about either I(n) or I *(n). We let M(I(n))=2n+1,
M *(I*(n))=n and M'(I'(n)) be whichever of the two numbers is appropriate to

the context. In general, if I'=Z"’ is an interval, we let M'(I’) be the number of
elements it contains. If w® € Q'(S), then the system

(L.5) U’ I'(n), n=12,...,

is a fundamental system of compact open neighborhoods of «°.
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We now define the shift transformations T: Q(S) — Q(S) and T+: Q*(S)
— Q*(S). Again statements made about 7': Q'(S) — Q'(S) will be statements
which hold for both T and T*. If w € Q'(S), we define T’ by

(1.6) (T'w) = wpsr.

We observe that 7" is continuous and surjective. T* is however not injective. T
is injective and is thus a homeomorphism of Q(S).

2. Almost periodicity. In this section we will define what we mean by saying that
w € Q'(S) is almost periodic. We will prove some lemmas which will be used in
§§6, 7, and 8. Our definition is the same as that of [6] and [7]. In the case of
(£(S), T)it reduces to the definition in [3] of an almost periodic point. The definition
will be in terms of the combinatorial properties we wish to use. The lemmas are
again phrased in these terms. Although they are special cases or modifications of
theorems in [3], we present them for completeness sake.

We first must say what we mean by a word B occurring in w € Q'(S). Let
B=(by, ..., b,_,) be a word built on the symbol set S. Let w € Q'(S). By an interval
I' = Z’ of length n we mean any set of the form I'={k <j<k+n}. We say that B
occurs in w if there is an interval I' = Z’ for which x(w, I')=B.

DEFINITION 2.1. Let w € Q'(S). We say that w is almost periodic if for any word
B which occurs in w there is a positive integer R(B) having the following property:
If I'=Z’ is an interval of length no less than R(B), then B occurs in x(w, I').

If w e Q'(S), we let

2.2 O(w) = {T"w:je Z"},

2.3) O(w)~ = closure of O(w) in Q'(S).

We observe that if w € Q(S), then T(O(w))= O(w) and T(O(w) ") = O(w)~. Similar

equalities hold for 7-*. For T* we have T *(O(w)) < O(w) and T * (O(w) ") < O(w) ~.
LEMMA 2.4. Let w e Q'(S) be almost periodic. If w® € O(w)~, then w € O(w°)~.

Thus O(w)™ =0(w°)".

Proof. We first show that if B is a word occurring in w, then B occurs in w°.
Since w is almost periodic, we choose an R(B)=m satisfying Definition 2.1. Let I’
be an interval of length m and consider the neighborhood U(w®, I') (see (1.5)).
There exists a je Z’ for which Tw € U(w®, I'). The word B occurs in x(T?w, I')
because of the almost periodicity of w. Thus B occurs in w° since

XTw, I') = x(u° I').

We now show that w € O(w®)~. Let n be an arbitrary positive integer and con-
sider the neighborhood U(w, I'(n)) of w (see (1.5)). The word B=x(w, I'(n)) occurs
in w and thus it occurs in w®. Suppose B=x(w, I'(n))=x(w’ J') where

J'={jjeZ k 2j<k+MI'(n)}
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(see paragraph preceding (1.5)). In either the case of Z or Z* there is a t € Z' for
which J'=I'(n)+t. We see that x(T‘w°, I'(n))=x(w®° I'(n)+t)=x(«® J'). Con-
sequently T'w® e U(w, I'(n)). Since n was an arbitrary positive integer, we have
w e O(w?)".

LEMMA 2.5. Let w e Q'(S) be almost periodic and let w° € O(w)~. Then wq is
almost periodic and consequently any word which occurs in w occurs in w, and
conversely.

Proof. We see from the beginning of the proof of Lemma 2.4 it is only necessary
to show that w?° is almost periodic. Suppose B’ occurs in «°. Choose n large enough
so B’ occurs in B=x(w®, I'(n)). It suffices to show that there is an R(B) satisfying
Definition 2.1 for w°. Since w® € O(w)™, there is a g for which T% € U(«®, I'(n)).
Thus B occurs in 7% and a fortiori B occurs in w. Since  is almost periodic,
choose R(B) satisfying Definition 2.1 for w. Consider any interval J' < Z’ of length
no less than R(B). There is an n € Z’ for which T"w € U(w®, J’). Since B occurs in
x(T"*w, J')=x(w® J') our lemma is complete.

LEMMA 2.6. Let w € Q'(S) and let w be almost periodic. Let B be a word and
I' ©Z’ an interval whose length is the length of B. With these hypotheses

CB, I''NO(w)~ # @
(see 1.3) if and only if B occurs in w.

Proof. Suppose C(B, I') N O(w)~ # @. The set C(B, I') is open in Q'(S), thus
if it meets O(w)~, it must meet O(w). Thus there is a k for which T%(w) € C(B, I').
It follows that B occurs in T%(w) and thus B occurs in w. (Note we did not use the
almost periodicity of w.)

Suppose now that B occurs in w. Let I'={j: k< j<k+ L(B)}. Since w is almost
periodic, it follows that there is an s € Z* having the property that if

I"={j:k+s = j < k+s+L(B)},
then B occurs in w at the interval /”. That is x(w,”)=B. We then have
x(T¥(w), I'y=x(w, s+1")=x(w, I")=B. But this merely says that T"(w) € C(B, I').
Thus C(B, I') N O(w)~ # @.
The next lemma is about bisequences.

LemMA 2.7. Let w € Q(S) be almost periodic. The set {T’w:je Z*} is dense in
O(w)~.

Proof. Let «® € O(w) ™, let n be any positive integer. Consider the neighborhood
U(w°, I(n)). Let B=x(w°, I(n)). We see that C(B, I(n)) meets O(w)~ so the word B
occurs in w. Since w is almost periodic, there is an interval J<Z* for which B
=x(w,J) and there is a k € Z* such that I(n)+k=J. Thus

x(T*w, I(n)) = x(w, I(n)+k) = x(w,J) = B.
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We see that T*w € U(w®, I(n)) for some k € Z*. Since n was an arbitrary positive
integer, our lemma is proved.

3. Unique ergodicity. The labor of §5 will be to show that a given almost
periodic sequence w € Q*(S) is uniquely ergodic under the transformation T'*.
In order to do this we take sufficient conditions for unique ergodicity, translate
them into combinatorial terms and show that they hold for our given sequence w.
In this section we present these conditions as a series of lemmas. The lemmas are
modifications of theorems in [2], [8]. In fact, the sufficient conditions given here
are also necessary (see [2], [8]). We will not concern ourselves with this and only
present those facts which we will use later.

Let X be a compact Hausdorff space and ¢é: X — X a continuous mapping.
Let C(X) be the real Banach space of real valued continuous functions on X given
their supremum norm. If fe C(X), we define ¢f by ¢f=f - ¢. Let P be the set of
probability measures defined on the Borel subsets of X. We let ¢ induce a map of
P into itself, which we again call ¢. If ne P we define ¢u by the equation
(f, sp)=(¢f, p) for fe C(X). Here the symbol (f, p) is defined as the integral of f
with respect to the measure p. We say that p € P is ¢ invariant if ¢u=p. It is a
direct consequence of the Kakutani-Markov fixed point theorem that a ¢ invariant
probability measure always exists. If this measure is also unique, then we say that
the pair (X, ¢) is uniquely ergodic. The terminology is standard [8] and is reasonable
in the sense that the uniqueness of the invariant measure guarantees its ergodicity.

We shall use the following notation. If fe C(X) and n is a positive integer, then
we let

@a.1) i) = Z #1(x) € C(X).

LeMMA 3.2. If for each f € C(X) and x € X, lim,, f,(x)=k(f)=constant, depending
only on f, then (X, ¢) is uniquely ergodic with unique invariant measure p € P and

(f, &) =k(f) for all f € C(X).

Proof. We know there exist ¢ invariant measures P. Let v be any such invariant
measure. Using the Lebesgue dominated convergence theorem and the invariance
of v, we have, as n — +o0,

(fiv) = (far v) = (k(f), v) = k().
Thus for each invariant measure v we have (f, v) =k(f). This implies that there is a
unique invariant measure p and the lemma is complete.

S

LEMMA 3.3. Suppose there is an x, € X such that X = closure {¢'x,:j=0,1,2,...}.
If for each f € C(X), lim, (¢f)a(x0) exists uniformly in j=0, 1,2, ..., then (X, §) is
uniquely ergodic.

Proof. In view of the previous lemma we need only show that lim, f,(x)=k(f)
for each fe C(X) and x € X. We first show that our hypotheses imply that f,
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is a Cauchy sequence in C(X). Given £>0, there is an N such that n=N and
p21 implies

[£u@'x0) = fos 5@ X0)| = |(FNn(x0) =@ ns(x0)| < ¢/2  forj=0,1,2,....

Since the set {¢’x,:j=0, 1, 2,...} is dense in X, we see that if n=N and p=1 then
| fa—fn+5ll <e. Thus f, is a Cauchy sequence in C(X) and consequently there is an
f* e C(X) such that lim, f, =f*.
To complete the lemma we must show that f* is constant. Since for each
n=1,2,... we have | f(x)—fa(¢x)| <(2/n)| f||, we see that

f*(xo) =f*(¢xo) = =f*(¢fxo) =,

Thus f* is constant on a dense subset of X. Since f* € C(X), this implies that f*
is constant. This completes the proof of the lemma.

Fix an w € Q'(S). We are interested in a certain class of functions in C(O(w) ).
If w e Q*(S) and B is a word of length n, we let

(.49 xs = characteristic function of C(B, I*(n)) N O(w)~

(see (1.3)-(1.5)).
If w € Q(S) and B is a word of length 2n+1, we let

3.5) xs = characteristic function of C(B, I(n)) N O(w)".

When we speak of a word B and the function yz, we will mean (3.4) or (3.5),
whichever is appropriate to the context. In either case yz € C(O(w)~) since
C(B, I'(n)) is both open and closed.

LEMMA 3.6. Let we Q'(S) be almost periodic. If lim, (T'xg),(w) converges
uniformly in j for each appropriate word B (either of length q or 2q+1) and
C(B, I'(@)) N O(w)~ # @, then (O(w)~, T") is uniquely ergodic.

Proof. Because of Lemma 3.3 and Lemma 2.7 we need only show for each
f€ C(O(w)~) that lim, (T"f).(w) exists uniformly in j. Choose an fe C(O(w)")
and let ¢ > 0. Because of uniform continuity of fthere is a g such that if B is a word
of length g (or 2+ 1), then the oscillation of f over C(B, I'(q)) N O(w) " is less than
¢/6. 1t is sufficient to show that (7"’f),(w) is a Cauchy sequence in » uniformly in j.

For each B such that C(B, I'(q)) N O(w)~ # & we let

mp = inf {f(w"): ' € C(B, I'(g)) N O(w)"},
M = sup {f(w): " € C(B,I'(q)) N O(«) 7},
m = ; mgxs € C(O(w)7),

M= ; Mpxs € C(O(w))

where the sum is taken over all words B of length g (or 2¢+ 1) for which
CB, I'(@) N O(w)” # 2.



342 FRANK HAHN AND YITZHAK KATZNELSON [February
We observe that m=<f< M and
|IM—m| < e/6 and |f—m| < &/3.

From our hypothesis it follows that (7'/m),(w) is a Cauchy sequence in 7 uniformly
in j. Thus there is an N such that n> N and s=0 imply

(T m)p(@) = (T'm)n,(@)| < &/3 forj=0,1,2,....
We also have T"m<T"f<T"'M,
|IT'M—T"m| £ ¢/6 and |Tf-T"m| <¢3 forj=0,1,2,....

Thus if n= N and s=0 we have

T @)= T s @) S [T )alw) = (T m)(w)|
+ I(T’Im)n(w) - (T"m)n + s(w)l
+ (@MY s @) = (T )+ ow)|

< e

Thus (T"’f),(w) is a Cauchy sequence in n uniformly in j and our lemma is
complete.

We wish to translate Lemma 3.6 into combinatorial terms. Let B and C be two
words built on the symbol set S. We define N(B, C) to be the number of occurrences
of Bin C. This is the cardinality of the set {i: B occurs in C at the ith position} (see
§1). We observe that if L(B)>L(C), then N(B, C)=0 and if L(B)<L(C), then
0=N(B, C)SL(C)—L(B)+1=L(C). We define the frequency of occurrence of B
in C to be

(3.7 «(B, C) = (1/L(C))N(B, C)
and observe that 0< (B, C)= 1.
IfweQ'(S)andif je Zand ke Z*, k#0, we let
(3.8 D(j, k) = D(j, k) = x(w, [j, j+k))
where [, j+k)={i: i € Z, jSi<j+k}. Thus D,(j, k) is the word of length k which
occurs in w at the position j.

THEOREM 3.9. If w e Q'(S) is almost periodic and if lim, «(B, D(j, k)) exists
uniformly in j for each word B of length q (or 29+ 1), q=1, 2, 3, .. ., which appears
in w, then (O(w)~, T") is uniquely ergodic. Moreover, this limit depends only on B and
is the measure of the set of all sequences in O(w)~ which begin with B (have B centered
at zero).

Proof. It follows from Lemma 2.6 that B occurs in w if and only if

CB,I'(Q)NO(w)- # 2.
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Thus by Lemma 3.6 we need only show that lim, (T"7x5),(w) converges uniformly
in j for each word B of length g (or 29+ 1), ¢=1,2, 3,..., for which

C(B, I'(q)) N O(w)~ # O.

We observe that

n-1

(Ta)a(w) = 1 > T *ixs(w)

i=0

j+n-1 , 1 .
2, T'xa(w) = 5 N(B, DU, n+L(B)~1)

S| -

_ n+L(B)—1 N(B, D(j, n+L(B)—1))
T T L(D(, n+L(B)-1))

_ n+L(B)-1
N n

(B, D(j, n+L(B)—1)).

Our hypothesis asserts that lim,, «(B, D(j, k)) exists uniformly in j. It follows from
the above equation that lim, (T'/yp)(w) exists uniformly in j. Thus (O(w)~, T") is
uniquely ergodic. The lim, (T"/x5),(w) is equal to lim, «(B, D(j, k)) and depends
only on B. This limit is the integral of yp with respect to the unique invariant
measure. Thus our theorem is complete.

The next lemma will not be used until §8. For this lemma we let X, i=1, 2, be
compact metric spaces. Let T;: X; — X; be continuous and let =: X; — X, such
that #T, =T,n. Let (X,, T,) be uniquely ergodic with unique invariant probability
measure ps.

LeEMMA 3.10. If p, is a T, invariant probability measure, then wu,=p,. If E< X,
is a Borel set, then py(E)=p,(7"1E).

Proof. It is clear that =y, is a probability measure on X,. One sees easily that
Tomp, =nTipy, =mp, and then since p, is the unique invariant probability on X,
we have mu; = p,. It suffices to show that uy(E)=p,(7~1E) for each compact subset
E of X,. To do this we choose a sequence f, € C(X;) for which £, | xz. We then
have

(fas o) ¥ (B> 12) = po(E),
(fo o) = (fno 1) = (@fn, 1) | (7xz, p1)
= py(r~1E).
Thus py(E)=p,(w~1E) and our lemma is complete.

4. Construction of sequences. In this section we construct by induction a family
of symbol sets S, j=0, 1,2,3,..., and a family of sequences w’ € Q*(S;). These
will be the sequences examined in §§5, 6, 7, and 8. The purpose of our inductive
procedure is to see that in each o’ € Q*(S;) extremely many words of a given length
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are used, that words occur with great regularity, and that «’ is almost periodic.
The idea which allows us to do this is the weak law of large numbers (Lemma 1.2)
and the fact that almost all sequences contain a given symbol (Lemma 1.1).

We use the following notation: if B=(by, by, . .., by-1) and C=(cy, ¢y, ..., Cn_1)
are two words built on a symbol set S, then BC is the word of length m + n built on
S given by BC=(by, b1, ..., bp_1, Co, €15 ..., Co-1). If By, B, ..., B, are words
built on S, then it is clear what we mean by the word B, B;- - - B,, built on S. We
now begin our construction.

Let 0<d<1 and choose 8, 8,, ... such that 0<8;<1 and [[2,(1—-8;) | 1-38.
The number 8 is subject only to the restriction 0 < 8 <1 and remains fixed through-
out our arguments.

For j=0 let S,={B(0, 0), B(0, 1), . .., B(0, no— 1)} where the B(0, t) are distinct
symbols and 7, >2. We define the word

Ao = B(0, 0)B(0, 1)- - - B0, no—1).

Let no=1 and let ky=1.
Suppose now that for all j, 0<j<m, we have defined 5,>0, k;€ Z*, k;#0 and
S;={B(j, 0), B(j, 1), . . ., B(j, n;— 1)} and the word

4.1) A; = B(j, 0)B(j, 1)- - - B(j, n,— 1)
satisfying the following conditions.

(4.2) n,;22 and for j>0 each B(j, t), 0=t <n,, is a word built on the symbol set
SJ-1={B(j'— 13 0)’ LX) B(]_ 19 nl—l)}'

(4.3) A;_, occurs in the oth place of B(j, 0). That is, 4,_, is the initial word of
B(j, 0).

(4.4) Lj_l(B(j, t))=nj_1kj=rj, j>0, for 0§t<n1, Whel‘e L/_I(B(j, t)) iS the
length of B(j, t) in terms of the symbols of S;_;.

(4.5) For j>0, S; is the set of all distinct words on the symbol set S;_, whose
length in terms ‘of these symbols is r;=n;_;-k; and which have the following
properties:

(@) 4,_, occurs in each B(j, t) € S;

(b) |«(B(j—1,t), B(j, s))—1/(n;_1)| <mj_1/n;—, for 0=t<n;_,, 0=s<n, Here
o(B(j—1, t), B(j, 5)) is the frequency with which the symbol B(j—1, t) occurs in
the word B(j, s) (see Lemma 1.2 and the paragraph preceding it).

4.6) 0<n<(/nd)-(1/27) forj>0,m = 1.
n; 2 nj(1-39;) forj > 0, where r; = n;_; -k,
> n? ]
(4'7) kj = Nj_a fOl‘j > 0,
0= la

n; > n;_y for j > 0.
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We now proceed on the induction step of our construction. Consider all words
B of length r,=n,_, -k, built on the symbol set S,_;. (The number k,, is an
integer which is yet to be fixed.) We choose from these all those words B which
have the additional properties:

(4.8) Ay -, occurs in B,

4.9 |e(B(m—1, 1), B)—1/(Bp-1)| < Ym—1/m-1 forO0 <t < n,_,.
We let S, be the set of all these words and label them in the following fashion
(4.10) Sn = {B(m, 0), B(m, 1), ..., B(m, n,— 1)}.

We stipulate that A,,_, is the initial word of B(m, 0).
We now fix k,,. Lemmas 1.1 and 1.2 insure us that we may choose k, such that

km 2 ngl—l’
(4.11) Ny > Ny,

Ny 2 n(1-8,)  wherer, = n,_;-kp.

We now choose 7, such that

4.12) 0 < npn < (1/m2)-(1/2™).
We let A,, be the word
(4.13) Ay = B(m, 0)B(m, 1)- - - B(m, n,—1).
We see that k., 1., Sm, and A4,, satisfy 4.1 through 4.7 and our induction is
complete.

Before we define the sequences «’ € Q*(S;), we make a few observations which
will be helpful later.

(4.14) If j>0and 1 <r<j, then we may look at each B(j, t), 0=<¢<n,, as a word
built on the symbol set S;_,. This is obvious from our construction. Each B(j, t)
is a word built on the symbol set S;_;, but each symbol in this set is a word built
on the symbol set S;_,. We proceed inductively. Thus we see that if j=0 and
0=<k=j, then A4, is a word built on the symbol set Sj.

(4.15) Considering 4,,;, je Z*, ke Z*, k+#0, as a word built on the symbol
set S;, we see that 4; occurs in the oth position of 4,,,. That is, 4, is the initial
word of A, .

(4.16) As we observed in (4.14), if j>0 and 0=r =}, then B(j, t) is a word built
on the symbol set S;_,. We let L, _,(B(J, t)) be its length in terms of these symbols.
An easy induction gives us (see (4.4))

Lj-r(B(j, t)) =T P Tirs1
=k Kj_ppr N1 My, forO0 2t <mny
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We immediately have
Li_(A) = ks ky_por-nyon_y--n_,.
Thus we see that if n>0 and 0<j<n, then
Lf(A,) — +o© as n— +oo.

(4.17) We now define o’ € Q*(S;) for je Z*. Fix a je Z*. For each mzj we
may consider 4,, as a word built on the symbol set S;. To define the ith coordinate
of «’ which is designated by (w?);, we choose any m = j for which L,(4,,)Zi. We let
(%), be the ith symbol in the word 4,,. Our remarks in 4.15 assure us that ('),
is unambiguously defined. We see that o’ € Q*(S;). For the sake of brevity we
will use the imprecise but suggestive notation

) wA
w—l_L_J] 'y

We remark here that the distinction between the o?, j=0, 1,2, ..., is mostly a
formal one. We see that «° is a sequence built on the symbol set S,. The sequence
o’ is in a sense the same sequence as «°, except that we think of it as being built of
the blocks of w° of length r, which are located at 0, r;, 2r,,.... The distinction
between «° and «’ is technical but lends itself to the computations which we must
perform in §§7 and 8.

The various parts of our inductive definition and the remarks made here will
be used primarily as follows: In §5 we use (4.4), (4.5), (4.16) to show that each «’
is almost periodic. In §6 we use the 8,0 < § < 1, and (4.7) to bound the combinatorial
entropy. We do not use (4.6) until §8 when we bound the entropy of «’'.

5. Almeost periodicity of ’.
THEOREM 5.1. For each je Z* the sequence ' € Q*(S,) is almost periodic.

Proof. Suppose B is a word built on the symbol set S; and B occurs in w’. We
must show that there is an integer R(B) with the following property: If I=Z* is
an interval of length R(B), then B occurs in x(e’, I) (see Definition 2.1). Since by
(4.16) L(A,) — +o0 as n — +0o0, there is an n>j for which B occurs in 4,.

Clearly it suffices to show that there is an integer R(A4,) with the property: If
I Z* is an interval of length R(4,), then A4, occurs in x(«’, I). This is almost
immediate from our construction of «’. In our construction of «’ we see that each
Ay, m2n+1, is a word in the symbols of S, ;. Each symbol B(n+1, )€ S,
must by (4.5) contain A4,. By (4.16) L(B(n+1,t))=ry.;1---rs+1. Thus for every
s€ Z* we see that 4, occurs in

X(, [Srpe1 Pyan, S D)rsre - yi0))

These are blocks in «’ which begin atsr, ,,---r;,;andend at (s+ Dryyqy- - 1501 — 1.
Clearly, if we set R(4,)=3r,4+1- - -r;+1, our theorem is completed.



1967] ENTROPY OF UNIQUELY ERGODIC TRANSFORMATIONS 347

6. The combinatorial entropy of «’. The notion of combinatorial entropy of a
sequence appears in [9] (referred to as absolute entropy) and is a special case of
the topological entropy of [1]. In §8 we will see how it is related to the measure
theoretic entropy. In this section we wish to show that the combinatorial entropy
of «’, denoted by K(w’), has the property that log n,(1 —8) < K(w’) <log n,. We
recall that & was fixed at the beginning of our construction of w’ and subject only
to the condition 0< 8 < 1. We remark, of course, that the sequence «’ depends on
the 8 chosen.

We now define the combinatorial entropy of an arbitrary sequence or bisequence.
Let S={a,, a;,...,a,-;} be a symbol set on p symbols. Let w € Q'(S) and let
6(n, w) be the number of distinct words of length n which occur in w (see paragraph
preceding Definition 2.1). We see immediately

(6.1) 0= 0(nw = p.
It is not difficult to see that
6.2) 0(m+n, w) £ 0(m, w)-0(n, ).

From this it follows that log 8(n, w) is subadditive in n. A known theorem asserts
that the following limit exists

(6.3) lim 108 0’(ln, @) _ ioplog 0’(In, )

DEFINITION 6.4. If w € Q'(S), we define the combinatorial entropy of w to be

K(w) = lim 1089 ) 0'(,"’ @),
From (6.1) we see that
6.9 0 = K(w) < log p.

LEMMA 6.5. If w € Q'(S) and if w is almost periodic, then K(w)<log p.

Proof. First of all we may assume that each symbol of S occurs in w. If this
were not the case, then w € Q'(S’), where S’ has p’ elements and p’ <p. The truth
of the lemma would assert K(w) <log p’ <log p.

Thus the symbol a, occurs in w. Since w is almost periodic, there is a positive
integer m having the property that if I’ is an interval of length m in Z’, then q,
occurs in x(w, I'). That is, a, occurs in any word B of length m which occurs in w.
In particular the word B=(a,, ..., a,) of length m cannot occur in w. Let k be a
positive integer. By the same argument used in Lemma 1.2 we see that the number
of words in w of length km is bounded above by (p™ — 1)¥. That is, 8(km) < (p™—1)*.
Thus

(6.6) (log 8(km))[km = (log (p™—1))/m.



348 FRANK HAHN AND YITZHAK KATZNELSON [February
Taking limits on k, we observe that
K(w) = (log (p"—1))/m < logp
and our lemma holds.
THEOREM 6.7. For the o’ defined in §4 we have
log n(1—98) < K(v’) < logn,

for each je Z*, where § is the constant described in §4 and is subject only to the
condition 0< 8< 1.

Proof. It follows from Theorem 5.1 that «’ is almost periodic. Thus the previous
lemma asserts

K(«’) < log n,.

Fixaje Z*. Then v’ € Q*(S;) and by (4.16) L(B(j+S5, t))=r;4s-Ty45-1- - T34+1 for
s=1and 0=5¢<ny,, Recall this is the length of the word B(j+s, t) in terms of the
symbols S;. Thus the number of words of length r,,;- - -7;,, is no less than the
number of symbols in S;,,. We thus have

(6.8) 0(rsss - Tye1) 2 Nyys
(4.7) asserts that, for each m=1,
(6.9) n, = npr_(1-38,).
A simple induction and the fact that 0<1—36, =1 gives us
Myvs Z (M(1=8;41)(1=8;10) - -(1 =8, Y1447 142

> (n].(l —_ 8))'I+ s T4,

(6.10)

Now as s — +00, Iy, - Fy41 — +00. Using 6.8 and 6.10 and the definition of
K(w?), we obtain

K(o) 2 log n(1-8),

which completes our theorem.

7. Unique ergodicity of /. The purpose of this section is to show that for each
Jj the system (O(«’)~, T;*) is uniquely ergodic. T;* is the shift transformation of §1
(see (1.6)) defined on the space Q*(S,). Recall that in §3 (see (3.7)) we defined
o(B, C)'to be the frequency with which the word B occurs in the word C. For any
o, jeZ* we let
(1.1) Dyi(k,n) = D'(k,n) = x(o’, [k, k+n)), keZ*,neZ*,n#0 (see(3.8)).

Lemma 3.10 tells us that if for each word C which occurs in o’ it is true that
lim, «(C, D'(k, n)) exists uniformly in k, then (O(w’)~, T;*) is uniquely ergodic.
We will show that this is actually the case.
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In order to have a suggestive terminology, we make the following two definitions.

DErINITION 7.2. If C occurs in «’, then we say that C has a density d in o’ if
lim, «(C, D’(k,n))=d for ke Z*.

DErFINITION 7.3. If C occurs in w’, then we say that C has a uniform density d
in o’ if lim, &(C, D(k, n))=d uniformly in ke Z*.

Our problem is thus reduced to showing that if C is a word on the symbol set
S, then C has a uniform density in w’. The remaining part of this section is devoted
to this. It is technical but not difficult. We will first show that if C=B(j, k) is a
word of length one built on the symbol set S,, then B(j, k) has a uniform density
d(j, k) in o’. This is done by first showing that the frequency of occurrence of
B(j, k) in B(j+t, s) converges as t — +oo and that this limit is independent of s.
This is then used to show the existence of the uniform density d(j, k). We now
embark on this phase of the problem. To prevent formulas from becoming too
cumbersome, we will streamline our notation but will attempt to retain its
suggestiveness.

In (3.7) we defined the number of occurrences of B in C and this number was
designated by N(B, C). We let

N(B(j, k), B(j+1t,5) = N(Js k;j+t,5)

forj,keZ*, 0=k <njand0 = 5 < ny,.

(7.4

In (4.16) we let L;_.(B(j, k)) be the length of B(j, k) in terms of the symbols of
Si-rnjeZ*,0=r=j. We let

(1.5) L(B(j+t,5) = L(j,j+t1) forj,teZ* and 0 £ 5 < ny,.

Recall that by our construction and (4.16) this length is independent of s. It also
follows immediately that

(7.6) L(j,j+t) = L(j+t—1,j+1)-L(j, j+t—1).
This is merely saying that the length of B(j+1, s) in terms of the symbols of S,
is the length of B(j+1¢, s) in terms of the symbols of S,,,_, times the length of
these symbols in terms of the symbols S;.

We now designate the frequency with which B(j, k) occurs in B(j+¢, s) by

«B(j, k), B(j+1,9) = o«(j, k;j+1,5) = N, ks j+1, 5),

1
L(j,j+1)
0= a(j,k;j+t,5) = 1.

.7

Henceforth, we will always assume that the indices used in our formulas are
constrained in such a manner that the objects are defined. In the case of statements
about limits the objects need only be ultimately defined. For the remainder of this
section we think of our words and sequences as being built on the symbol set S,.



350 FRANK HAHN AND YITZHAK KATZNELSON [February

LEMMA 7.8. Ifj, te Z* and t+#0, then the following statements hold:

ny+t-1-1
@ NG k;j+t,9)= D NG+t—1,m;j+8, NG, k; j+1—1, m),

m=0

Ry4e-1-1
() G kijtt) = D al+i—1,m;j+t, 8)e(j k;j+1—1,m).

m=0
Proof. (a) is immediate. It says that the number of occurrences of B(j, k) in
B(j+1, 5) is equal to the sum of the number of occurrences of B(j, k) in a symbol
of S;..-, multiplied by the occurrences of that symbol in B(j+¢, s). (b) is obtained
from (a) by applying (7.7) and (7.6).
For the next lemma we estimate the difference between the frequency of occur-
rence of B(j, k) in B(j+1, s) and the frequency of occurrence of B(j, k) in B(j+¢, 5’).

LEMMA 7.9. The following inequality holds
le(G, ks j+1t, 8)—a(G, ks j+1, )| < 2m544-1.
Proof. We apply Lemma 7.8(b) and (7.7) and (4.5b) to obtain
|e(j, k3 j+1t, $)—a(j, k;j+1, 5|

ny4t-1-1

le(j+t—1, m; j+1t,85)—a(j+t—1,m;j+t,5)||a(j, k; j+t—1, m)|

IA

m=0
< 2n44-1.
For the next lemma we estimate how fast the frequency of occurrence of B(j, k)
in B(j+1, s) increases as ¢ increases.
LeMMA 7.10. The following inequality holds
ey ks j+t+1, ) —a(fy k3 j+18)| < myset2m50-10
Proof. From Lemma 7.8(b) we have

ny4+¢—1
o(j, k;j+t+1,5) = a(j+t,m;j+t+1,5)-«(j, k; j+t, m).
m=0
We also have
1 ny4t—1
o, ksj+t,8) = — 3> a(j, k;j+t,9).
Bi+t m=0

We thus obtain (using (7.7) and (4.5) and Lemma 7.9)
o, k3 j+t+1, ) —e(j, k; j+t, 5)|

ny4e—1 1

s D> |el+tmj+t+1,9)———|laG, k;j+1, m)|
m=0 BT
1 fny4e—1

to— > lal ks j+t,m)=a(, k;j+1, )
J+t m=0

< et + 205401
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We are now prepared to examine the limiting properties of the frequency of
occurrence of B(j, k) in B(j+t, s) as t — +oo.

LeEMMA 7.11. For each j€ Z* and 0 <k < n, there exists a number d(j, k) for which
lim o(j, ks 8, 5) = d(j; k)
uniformly in j, k, and s, and 0= d(j, k)< 1.
Proof. Let £>0 be arbitrary. It follows from (4.6) that >, 7, < +00. From

Lemma 7.10 we obtain (¢>j, r=0)

r—1
|a(, k3 1, ) —a(j, ks t4r,9)| S > |ali k; t+i, 8)—o(j, ks t+i+1, 5)|
i=0

r=1 r-1
(7.12) <D M2 D Maica
i=0 i=0
=3 z M
i=t-1

Since 32, 1< +00, we see that for ¢ sufficiently large the difference (7.12) is <e.
Thus «(j, k; t, 5) is a Cauchy sequence in ¢, uniformly in j, k and s. As ¢ — +o0,
the limit must exist. Lemma 7.9 assures us the limit is independent of s. Call this
limit d(j, k). If in'(7.12) we let r — +oc0, we obtain the estimate

L

(7.13) o, k3 1, 9)=dU, | S 3 3, e

i=t-

We conclude our lemma by taking limits on ¢ and observing that the inequality
0=d(j, k) =1 is forced upon us by (7.7).
We can now prove the fact that each B(j, k) has a uniform density in «’.

THEOREM 7.14. Each B(j, k) € S; has uniform density d(j, k) in «’. That is,
lim «(B(j, k), D'(s, s+1)) = d(J, k)

uniformly in s (see (7.1)).
Proof. Let >0 be arbitrary. Choose an n> k for which
(715) |a(ja ka n, m)_d(.]9 k)l < 3/5

for 0sm<n,,.
Let L=L(j, n)=L/B(n, m)) (see (7.5)) and choose 7,€ Z*, t,#0, such that
Ljty<e[5. Suppose te€ Z* and t>t,. We wish to show that

(1.16) |(B(j, k), D'(s, s+1))—d(j, k)| < e

independently of s. This will complete our theorem,
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There exist r and ue Z*, r#0, such that
r—-DL<s=rL<(@r+DL <---<(r+uwl < s+t < (r+u+1)L.
We observe that

(117) NBGK), Ds,s4+1) =L 'S ZIN(BU', k), DX(r+i)L, (r+i+ L)+ Hs, 1)

where 0 < H(s, t)<2L is the contribution due to the occurrences of B(j, k) in the
intervals [s, rL) and [(r+u)L, s+1).

We divide both sides of (7.17) by ¢, use the definition of «(j, k; n, m) and the
inequality (7.15) to obtain

Lu—t
t

«(BU, K), DG, s+1) = d, 0+ ()G, )+ 2 GG, k) +1 HGs, 1)
where 0 < G(j, k) <¢/5 and is obtained from (7.15). Since 0= Lu/t<1,0=d(,j) =1,
0= |(Lu—1t)/t| =2L[t<2¢[5, we obtain (7.16) and our theorem is complete.

We now embark on the final stage of proving that (O(«’)~, T}) is uniquely
ergodic. We need to take an arbitrary word C which occurs in «’ and show that it
has a uniform density d’(C). To each B(t, s), t=j, we assign the frequency
«(C, B(t, s)). We then average this over ' to obtain a number d/(C). We then show
that d/(C) — d’(C) as t — +co. Our final step is to show that this is the uniform
density of C in o’.

Let us now fix a word C which occurs in «’. Let t € Z+ and 2. Define

(7.18) fi(®) = «(C, B(t, s)) when (o), = B(t, ).
In words this says that fi(¢) is the frequency of C in the ith symbol of «*.

LEmmA 7.19.

+

m+n—1

lim

n

56) =3, o(C, Bt )t 5) =au dC)

S| -

i=m

uniformly in m.

Proof. Our proof follows quickly from Lemma 7.14. For we have

ng—1

"0 =1 S wc. 50,90 N @G, 9, D, m+n)

§=0

X —-

lim
n

= lim ni o(C, B(t, 5))(B(t, s), D'(m, m+n))

ng—1

= > «(C, B, )d(t 9)

§=0

uniformly in m.
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LemMMA 7.20. For each word C occurring in o’ the following limit exists

litm d{(C) = d(C)  (see Lemma 7.19).

Proof. We need only show that d/(C) is a Cauchy sequence in ¢, £=j. In order
to do this it suffices to show

> |d(C)~di11(O)] < +wo.
t=4

We do this by estimating the differences of terms which converge to d/(C) and
d},1(C) (see Lemma 7.19). We first observe

oC, B(t+1,5)) = N(C, B(t+1, )

L(j,t+1) t+1)
1 n~-1

=G0 Zo N(C, B(t, s"))- N(B(t, 5'), B(t+1, 5))

1
LG+ D)
where 0 H(t, s) S L(¢, t+1)- L(C). H(t, s) is due to the occurrence of C in positions
which overlap two.adjacent blocks B(t, k) and B(¢, k'). L(C) is the length of C as
a word built on the symbol set S;.
Using the fact that L(j, ¢+ 1)=L(j, t)L(z, t+1) (see (7.6)) and the definition of
frequency of C in a word, we obtain

(7.21)

-H(t, s)

(122) oC, B(t+1,s)) = Z «(C, B(t, 5))- «(B(t, '), B(t+1, 5)) +———- H'(t, 5)

L(Jt)

where 0= H'(¢, s) S L(C).
We now use (4.5) to replace the a(B(t, s), B(t+ 1, 5)) by their approximate values
1/n, to obtain

(7.23)  oC, B(t+1,5) == Z o«C, B(t, s)+G(t, 8)+ 77— L(j i H'(t,s)

where 0= G(t, ) <7,; 0 H'(1, s) SL(C).
Recalling from (7.18) the fact that

(7.29) fit+1) = o(C, B(t+1,s))  when («!*?), = B(t+1, 5)
and using (7.23), we obtain

1 - 1 mng+nng~1 C LC
129 |2 _Z fa+ =0 ‘;m S <”‘+LIZ(J t))-’" (z(lgz

The last estimate follows from (4.16), which asserts that L(j, ) 2k, and (4.7) which
implies k;=(z—1)2.
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Taking limits on # in (7.25), we obtain

(7.26) @1 (O)=dIC) S mt o

Since X2, (. +L(C)/(t—1)?) < + 0, our lemma is complete.
THEOREM 7.27. If C is a word occurring in ', then C has uniform density d*(C)
in o'. That is, lim, «(C, D'(s, s+1t))=d’(C) uniformly in s (see Lemma 7.20).
Proof. Let ¢>0 be arbitrary. We must show that
(7.28) |o(C, D'(s, s+1))—d(C)| < &
independently of s for all sufficiently large ¢.
From Lemma 7.20 we see that it suffices to show that
(7.29) |(C, D(s, s+1))—di(C)| < /2
independently of s for all sufficiently large ¢ and a fixed », v=j, for which

|d}(C)—d’(C)| <¢/2 and L(C)/L(j, v) < /8.
From Lemma 7.19 we see that it suffices to show that

(7.30) < ¢/

n

«C, D s+)=3 3 SO

independently of s for all sufficiently large ¢ and all n larger than a fixed N, for
which

(7.31) < ¢/4.

23 A0 -diC)

We will prove (7.30) much in the same manner as we proved Theorem 7.14.
Let se Z* and te Z*, t#0. Let L=L(j, v)=L/(B(v, w)). There exist integers r
and u for which

r—DL<ssSrL<(@+D)L <---<(r+u)l < s+t £ (r+u+1)L.
We observe that

NG, D5, s+0) = LS. 2 N(C, DA+ )L, (r+i+1)L)
(1.32) b
+ H(s, t)+G(s, t)

where 0= H(s, t)<2L is the part obtained from the intervals [s, rL) and
[(r+wL, s+1t). And 0 G(s, t) Su-L(C), where G(s, t) comes from the occurrences
of C which overlap adjacent intervals [(r+i)L,(r+i+1)L) and [(r+i+1)L,
(r+i+2)L). Dividing (7.32) through by ¢ and referring to (7.18), we obtain

-1

oC, Dis,s+t) = > fo+(ELS e

t i=r

(7.33)
+% Hs, z)+% GG, 1).
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We observe that
r+u-1 l

1 uL 1
0= a ﬁ(v) <1 and ; G(S, t) = 't—;z G(S, t)

i=r
SO

! uL LC) oL e,
07060 =T <773

Since ¢ is asymptotic to uL, we see that (7.30) holds (where we replace m by r and
n by u) independently in s for all sufficiently large .

THEOREM 7.34. For eachje Z* the system (O(«’)~, T}) is uniquely ergodic.

Proof. The previous theorem tells us that each word C which occurs in w’ has a
uniform density d’(C) (see Definition 7.3). Theorem 3.9 then applies, giving us our
conclusion.

8. Entropy of «’. In this section we will show that the entropy of the almost
periodic uniquely ergodic systems (O(w’)™, T;*) lies between log n,(1—38) and
log n;, where & is the constant fixed at the beginning of our construction of w’
and is subject only to the condition 0 <8< 1. We shall briefly recall the definition
of the Kolmogoroff-Sinai invariant (or entropy). For more details the reader is
referred to [4, p. 241 et seq.).

Let (Q, B, p) be a probability space and let T be a measure preserving trans-
formation of Q (e.g., (T ~*E)=u(E) for all E e ¥B). If F is a finite Borel subfield
of B generated by the atoms F, - - - F,, the entropy of & is defined by

n

H(@) = 3 —p(F) log u(F).

i=1
A simple convexity argument shows that H(F)<logn and equality holds when

w(F)=1/n, i=1,2,...,n, [4, p. 242]. It is also known that the following limit
exists, [4, p. 269],

HE) = llm%H(% VTIgvV...v T *ig)

where % v € is used to designate the Borel field generated by the two Borel fields
A and €. The Kolmogoroff-Sinai invariant or the entropy of T with respect to the
measure p is defined as follows:

8.1 H(T, p) = sup {H(S): § < B, & a finite Borel field}.

We will be interested in estimating the entropy of the uniquely ergodic systems
(O, T}").
We let
ps = unique invariant probability measure of (O(’)", T}'),
(®.2) A, = AT}, p),
.B; = Borel field of O(w,)".
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We let 7 be the finite Borel field generated by sets of the form
C(B, I*(m)) N O(w?)~

(see (1.3), (1.4), (1.5)), where B is any word of length » built on the symbol set S,.
It is known, [4, p. 279], that

®8.3) A, = lim % HESD).

LeEMMA 8.4. The entropy T is bounded above by the combinatorial entropy of
o', That is, H;< K(«’) (in this respect see [9, Theorem 6)).

Proof. Since «’ is almost periodic (§5), we see that C(B, I *(n)) N O(«’)~ is not

empty if and only if B occurs in «’ (Lemma 2.6). Using the properties of H(JF)
and the definition of 8(n, «) (§6, second paragraph), we have

H(37) < log b(n, o).

Dividing by n and taking limits on » we obtain our result.

Our next few lemmas are needed to bound A, from below. To do this, we will
need to explicitly determine the u; measure of certain sets. We will use Lemma 3.10
for this, and we now make some preparatory remarks. Let je Z* and let S;,,
be the set of all words of length r,,, which are built on the symbol set S;. We
see that S;,, 28, (see (4.5)). We define the association map

w541t QF(S) = Q*(S741)
by defining the ith coordinate of =, ;,,w,

@5 (m;,;+1w), = that word of length r;, , which occurs in w at the ir, . th place
= X(w, [iry+1, (+1)rs41))-

We see easily that =, ,,; is continuous and that =, ;., o (Tj")s+1=T}\ 0 m, ;4.
If s= j, we define =, , as iterates of mappings of the previous type and observe that

(8.6) Ty, © T} =T T8

where g=r; ;- - 1.
From our construction of the sequences w’ and the continuity of =, ; we see that

m;,{(0(w’) ") = 0(w’) .
If s2j, then B(s, k), 0Sk<n,, is a word of length L,(B(s, k)) occurring in o’
and is also a word of length one occurring in w®. We let

8.7  Bfs, k) = C(B(s, k), [0, Ly(B(s, k))) N O(o’)~ # o (see (1.3))
where B(s, k) is considered as a word of length L,(B(s, k)) built on the symbols S;.
Bys, k) = C(B(s, k), {0) N O(w)~ # & (see (1.3)

where B(s, k) is considered as a word of length one built on the symbols ;. In
words this means that B/(s, k) is the set of all sequences of «’ which begin with the
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word B(s, k), and B(s, k) is the set of all sequences of w*® which begin with the
symbol B(s, k).

LeMMA 8.8.
f‘j(gj(ss k)) = d(s9 k)

(see (8.2) and Lemma 17.11).
Proof. We see that =j; 1(By(s, k)) = B/(s, k). By Lemma 3.10 we have
pi(ms (By(s, ) = po(By(s, k)
and thus it suffices to show
us(Bi(s, k) = d(s, k).

This is the immediate consequence of Lemma 7.14 which asserts that B(s, k)
has uniform density d(s, k) in «* and we then apply Theorem 3.9.

LemMaA 8.9. |1—nyd(s, k)| <(1/n5)-1/22=2 for 0k <n,.
Proof. To prove this statement, we use the inequalities of (4.5b) and (7.13) to
obtain (see (7.7) for definition of «(s, k; s+1, 0))

= )] 5 %l ki 541, 0|+ o, 5 541, 0)—dls, )

< 2 +3 Z Mo
ns i=s
We multiply by n, and apply (4.6) and (4.7) to obtain

[1—nd(s, k)| < ms+3n, > m,

LeEMMA 8.10. Let £>0 be arbitrary. Then there is an s, for which
nid(s, k) log d(s, k) —log (1/n)| < e
for all s>s, and 0=k <n,.
Proof. Let n,-d(s, k)=y(s, k), then log d(s, k)—log (1/n;)=1log (s, k). More-
over, by Lemma 8.9
|[L—=9(s, k)| < (1/ng)-1/25=3  for 0<Sk<n,;
thus
ned(s, k) log d(s, k)—log - = (s, k) log 7(s, k)+ (s, K)~1) log -
£ (]
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Thus

1

nd(s, k) log d(s, k)—lognlx S [s, k) log #(5, K)| + +s-|log 2

log Py

The function x log x is uniformly continuous for 0= x <2. For large s, (s, k)
is uniformly close to 1 for 0<k<n, and (1/n,)-(1/2:~3)-log (1/n,) is also small.
These observations conclude our lemma.

THEOREM 8.11. For each je Z* we have
logn(1-98) < H, < logn,

where 8 is the constant used in §4 to construct «’ and is subject only to the condition
0<é<l.

Proof. The fact that A,<log n, follows from Lemma 8.4 and Lemma 6.5 which
state

H, é K(w,) < log ny.

To obtain the other half of the inequality we proceed as follows: let s> and let
qs=L,(B(s, k)). &% is the Borel field defined in (8.2). We have

A, = lim ;— H(G%).

If £>0 is arbitrary, we have (Lemma 8.10)

ng—1
z d(s, k) log d(s, k) —;}- log -:—
k=0 8 8
®.12) - 1
< m kzo nd(s, k) log d(s, k)—log rT,\ <e

for all sufficiently large s.
Thus using Lemma 8.8 and (8.12),

ng—1
HE3) 2 kzo — u(B(s, k)) log u(B(s, k)
ng-1
@.13) = 2, —d k) logd(s,
K |
> (,Zo ~m log ;8) —e
= (log ny)—e.

In (6.10) we saw that

ny 2z (g (1= 8)) v,
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We also have (4.16)
gs = L{(B(s, k)) = rs- - ryey.
Using these and (8.13) we obtain
(1/g)H(S5r) 2 (log ny(1-8)) —¢/g,.
We let s — +00 and we get
H, = logn(1-9)
which concludes our theorem.

COROLLARY 8.14. Let 0= M < +00. There exists a compact metric space X and a
continuous mapping T: X — X such that the following conditions hold.

(a) For each x € X we have X=closure {T’x:je Z*}. That is, (X, T) is minimal,
[2].

(b) T is almost periodic at each x € X.

(¢©) (X, T) has a unique T invariant probability measure.

(d) The entropy satisfies the bounds M < H(T) < + .

We remark here that our construction of §4 allows us considerable freedom in
the invariant measure p,, We have chosen them so that u,(B(j, k))=d(j, k) is
close to 1/n,. We actually only need this for all sufficiently large j. Thus, for instance,
we could have chosen a vastly different distribution of the B(0, ) in the B(l, s)’s.
However, in order to make the entropy high, eventually the d(j, k) must be close
to 1/n,.

9. Case of bisequences. A slight modification of our construction of §4 allows
us to carry over our results to bisequences. We modify (4.3) and (4.5) as follows:

(4.3') A;_, is the initial word of B(j, 0) and the terminal word of B(j, n;—1).

(4.5") For j>0, S, is the set of all distinct words on the symbol set S;_, whose
length in terms of these symbols is r,=n;_,k; and which have the following
properties:

(a) A;_,4;_, occurs in each B(j, k) € S},

(b) this remains the same as (4.5b).

Our inductive construction remains valid and (4.16) holds.

As in (4.17), we let =2 ; 4, € Q*(S)). Let Q*(S)) be the set of all functions
on the negative integers Z*={—1, —2, —3, ...} whose values are in .S;. We now
define &’ € Q*(S)) as follows: If i € Z*, choose any m 2 j for which L(A4,)=i. We
let (&’); be the symbol which occurs in the (L;(4,,) + i)th place of A4,,. (4.3") assures us
that &’ is unambiguously defined.

We define &’ € Q(S)) as follows: Let i € Z and set

ol =a] ifi=-1,-2,-3,...,

@l =wl ifi=0,1,2....
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The computations of §§5, 6, 7, and 8 are valid and we obtain

THEOREM 9.6. For each je Z* the following statements are true:

(a) &' is an almost periodic sequence,

(b) log n,(1—8) = K(&’) <log ny,

(c) (0(&")~, T)) is uniquely ergodic,

(d) log n,(1—8)< A(T,) < K(&’) <log n;, where & is subject only to the condition
0<d<l1.

Thus we have

COROLLARY 9.7. Let 0< M < +oo0. There is a compact metric space X and a
homeomorphism T of X for which the following statements hold:

(@) (X, T) is minimal. (In [2] it is shown that this implies that T is almost periodic
at each x€ X.)

(b) (X, T) is uniquely ergodic.

(c) The entropy satisfies the bounds M < H(T) < +co.
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